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A simple, effective, and practical constitutive model for cohesive fracture of fiber reinforced concrete is
proposed by differentiating the aggregate bridging zone and the fiber bridging zone. The aggregate bridging
zone is related to the total fracture energy of plain concrete, while the fiber bridging zone is associated with
the difference between the total fracture energy of fiber reinforced concrete and the total fracture energy of
plain concrete. The cohesive fracture model is defined by experimental fracture parameters, which are
obtained through three-point bending and split tensile tests. As expected, the model describes fracture
behavior of plain concrete beams. In addition, it predicts the fracture behavior of either fiber reinforced
concrete beams or a combination of plain and fiber reinforced concrete functionally layered in a single beam
specimen. The validated model is also applied to investigate continuously, functionally graded fiber
reinforced concrete composites.
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1. Introduction

Fiber reinforced concrete (FRC) composites have been utilized to
improve the performance of plain concretematerials and to repair and
retrofit structures [1–8]. Fibers can be spatially (or functionally)
distributed to improve structural performance while minimizing the
amount of fibers. These spatially varied microstructures created by
nonuniform distributions of reinforcement phase are called function-
ally graded materials (FGMs) [9]. Recently, functionally graded fiber-
reinforced cement composite have been developed by using the
extrusion technique [10] and the Hatschek process [11] in order to
improve the structural performance of a component while reducing
its material cost.

In order to explicitly consider the larger fracture process zone in
cementitious materials, Hillerborg et al. [12] expanded the cohesive
zone model concept [13,14] to concrete by combining fracture
mechanics and the finite element method. The major challenge in
the cohesive zone model is the determination of the traction–
separation relationship, which represents the nonlinear fracture
process zone of a material. For plain concrete, a linear softening
model was employed by Hillerborg et al. [12], and a bilinear softening
model was introduced by Petersson et al. [15]. Since then, a bilinear
softeningmodel has been widely utilized to investigate plain concrete
fracture behavior [16].

The nonlinear fracture process zone of FRC has been specifically
investigated by various methods such as (a) direct tension tests
[17–19], (b) fiber pull-out tests [20–24], (c) indirect methods [25,26],
and (d) inverse analysis [27,28]. Direct tension tests are performed to
estimate fracture parameters and the tensile versus crack separation
relationships [17–19]. However, because of material nonhomogeneity,
the uniaxial tension test results in spontaneous multiple crack growth.
Therefore, a specimen tends to asymmetric modes of failure unless the
experimental setup is extremely well prepared [29]. Fracture para-
meters can be also calibrated by utilizing fiber pull-out tests. For
example, Li et al. [21,22] developed a micromechanics-based model by
integrating individual fiber contributions. Since the model is based on
11 parameters (4 concrete parameters, 4 fiber parameters, and 3
interface parameters), a more simplified model is desirable for civil
engineering applications [30]. Cohesive interactions for FRC can also be
indirectly estimated from the experimental load–displacement curve,
i.e. indirect method. For instance, Guo et al. [25] approximated a FRC
softening model as a bilinear softening model from the concrete's
tensile strength, fracture energy, and the known tail of a three-point
bending load–displacement curve. An inverse analysis can also be
employed to calibrate the softening model such that the best predicted
load–displacement curve is achieved. Sousa and Gettu [27], and Slowik
et al. [28] determined a piecewise linear cohesive model of FRC by
minimizing the difference between simulation results and experimen-
tal test results.

Based on the traction–separation relationship, crack propagation
phenomena in FRC materials have been investigated by employing
several analytical or numerical methods such as a semi-analytical
model [31], a stress intensity factor (LEFM) approach [30], a series of
nonlinear springs [26], and an irregular lattice model [32]. Further-
more, finite element-based cohesive zone models [33–35], which is
the choice of numerical methods in this paper, have been utilized for a
wide range of materials such as plain concrete [29,36], reinforced
concrete [33], asphalt concrete [37], and functionally gradedmaterials
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Table 1
Concrete mixture proportions (kg/m3).

Plain concrete Water Type I cement Coarse aggregate Fine aggregate

183 360 976 807

(1 kg/m3=1.687 lb/yd3).

Table 2
Average fracture parameters for plain concrete and FRC.

f t′ (MPa) Gf (N/m) GF or GFRC (N/m) CTODc (mm)

Plain concrete 3.44 38.3 120 0.016
FRC 4.22 37.1 3531 0.016

(1 MPa=0.145 ksi and 1 N/m=0.06852 lb/ft and 1 mm=0.03937 in.).
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[8,38] in order to evaluate nonlinear traction–separation relation-
ships. Alternatively, the generalized/extended finite element method
has been employed to simulate cohesive cracks for quasi-brittle
materials [39–42].

A simple constitutive model for FRC fracture is proposed in this
paper on the basis of measured fracture parameters, which are
estimated by three-point bending and split tensile tests. The proposed
FRC model is defined as trilinear softening for use with concrete
containing synthetic fibers without strain hardening. The model is
validated by predicting the fracture behavior of functionally layered
FRC beams. Furthermore, the effects of alternative fiber spatial
distributions are investigated with the validated computational
model. This type of computation for functionally graded (or layered)
FRC can potentially be utilized in designing more economical
structural systems, for example, in airport and highway pavements,
commercial and precast slabs, structural elements, etc.

2. Experimental observations

In order to investigate fracture mechanisms of FRC, the experi-
ments performed by Roesler et al. [43] are utilized. The plain concrete
mixture proportions are given in Table 1 while the FRC has the same
proportions except for the incorporation of synthetic fiber at a dosage
of 0.78% by volume (7.2 kg/m3 or 12.1 lb/yd3). Fiber length is 40 mm
(1.6 in.) with rectangular cross section (1.5×0.105 mm or
0.0551×0.00413 in.) and aspect ratio of 90. Fracture parameters are
determined from the split cylinder and a three-point bending test, as
shown in Table 2. The tensile strength, the initial fracture energy (Gf),
and the critical crack tip opening displacement (CTODc) of plain
concrete are similar to those of FRC. Because Gf and CTODc are
Fig. 1. Four different combinations of FRC layers: (a) full depth of plain concrete
associated with peak load capacities for those specimen geometries,
the inclusion of fibers does not significantly influence the peak load
behavior of three-point bending tests. However, the total fracture
energy of plain concrete is 120 N/m (7.9 lb/ft) while the total fracture
energy of FRC is 3531 N/m (232 lb/ft). Most of the external energy is
dissipated at relatively large crack opening widths for FRC.

The experimental test program has four different layered concrete
material combinations placed in a three-point bending specimen.
Fig. 1 demonstrates the four composite beams: full depth of plain
concrete, full depth of FRC, FRC layer at the bottom, and FRC layer at
the top, while Fig. 2 illustrates the geometry of the beams. The
composite beams were subjected to 10 cycles of loading and
unloading, followed by a final load cycle until complete specimen
failure. The envelope curve is then obtained by circumscribing the
loading/unloading cycles for each test. The average load versus crack
mouth opening displacement (CMOD) envelope curves for each beam
combination is plotted in Fig. 3. An example, seen in Fig. 4,
demonstrates two experimental beam data with FRC layer at the
top together with the average load–CMOD curve. A close-up of the
load–CMOD curves in Fig. 3 illustrates that the elastic, peak load, and
early post-peak load behaviors are similar for each beam combination
when the CMOD is smaller than 0.2 mm (0.079 in.). However, at
relatively larger crack opening widths (e.g., CMOD=1 mm or
0.039 in.), the plain concrete specimens demonstrate complete
failure while the FRC layered specimens are able to sustain a certain
level of load because of the fiber bridging zone. Similarly, other
researchers have reported that polypropylene fibers do not have
significant effects on the peak load and early post-peak load
behavior, but provide extra load carrying capacity at relatively
larger crack opening widths [44,45]. As a result of this distinct
behavior, the fracture process zone (or cohesive crack model) can be
sub-divided into the aggregate bridging zone and the fiber bridging
zone.

3. Constitutive relationship of cohesive zone models

In this section, a bilinear softening model for plain concrete is
presented. The traction–separation relationship for FRC is proposed
which considers the fracture mechanisms of both plain concrete and
FRC. Afterwards, a constitutive model for functionally graded FRC is
proposed.

3.1. Bilinear softening model for plain concrete

Progressive fracturemechanisms of plain concrete can be idealized
as a distributed micro-crack zone, a bridging zone, and a traction free
; (b) full depth of FRC; (c) FRC layer at the bottom; (d) FRC layer at the top.



Fig. 2. Geometry of three-point bending specimens.
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macro-crack zone [46], as shown in Fig. 5. Micro-cracks exist in the
concrete ahead of the bridging zone. As the stress approaches the
cohesive strength (e.g., material's tensile strength, f t′), micro-cracks
extend and coalesce, which produce the bridging zone, also called the
nonlinear fracture process zone. This zone results from crack
branching and interlocking typically as a result of the weak interface
between the aggregates and cement matrix. The process zone is
approximated with the concept of the cohesive zone model, which
leads to the relationship between traction and separation. When a
crack opening width is greater than a certain value, called the final
crack opening width (wf), a macroscopic crack appears which
subsequently cannot transfer traction along its surfaces.

In order to approximate the nonlinear fracture process zone of
plain concrete, this paper utilizes a bilinear softening model (see
Fig. 5), which provides a systematic determination of the softening
model [47]. The bilinear softening model is defined by four exper-
imental fracture parameters:

■ tensile strength (f t′)
■ initial fracture energy (Gf)
■ total fracture energy (GF) and
■ critical crack tip opening displacement (CTODc).

The total fracture energy is calculated by the work-of-fracture
method [48] with the consideration of the specimen's self-weight. The
initial fracture energy and CTODc are estimated by either the size
effect method [49,50] or the two-parameter fracture model [51]. The
size effect method and the two-parameter fracture model are based
on the concept of the equivalent elastic crack model, which defines
Fig. 3. Average load–CMOD envelope curves for three-point bend
the critical crack length at the peak load. The calculated effective crack
length, for example, leads to the estimation of CTODc and the critical
stress intensity factor (KIC). The initial fracture energy is obtained by
Gf=KIC

2 /E, where E is elastic modulus. Thus, the fracture parameters,
GF, Gf and CTODc, are estimated by a single fracture test, i.e. three-
point bending test. Although the split tensile strength does not
represent the true tensile strength of the concrete, it can be used to
indirectly infer the tensile strength of the material, recognizing the
influence of specimen geometry and the width of the load-bearing
strip [52].

The initial fracture energy and tensile strength define the
horizontal axis intercept (w1) of the initial softening slope, expressed
as:

w1 = 2Gf = f ′t : ð1Þ

The crack opening width (wk) at the kink point has been
hypothesized [47] as:

wk = CTODc; ð2Þ

which results in the determination of the stress ratio (ψ) at the kink
point, i.e.

ψ = 1−CTODc f ′t
2Gf

: ð3Þ

The final crack opening width is calculated as:

wf =
2
ψf ′t

GF− 1−ψð ÞGf½ �; ð4Þ

which is obtained by equating the total fracture energy with the area
under the bilinear softening model for plain concrete.

3.2. Trilinear softening model for FRC

The fracture mechanisms of FRC are different from those of plain
concrete due to the inclusion of discrete fibers. Although fibers at low
volume fractions do not generally influence the tensile strength or early
post-peak behavior, the inclusion of fibers does increase the fracture
process zone size [46]. The nonlinear fracture process zone of FRC
ing specimens with the four combinations of concrete layers.



Fig. 4. Load–CMOD envelope curves of two experimental data and averaged experimental data for FRC layer at the top.
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includes micro-cracking, aggregate interlocking, fiber de-bonding, and
fiber pull-out [46,53]. Plain concrete fracture mechanisms generally
dominate at small crack opening widths. Conversely, mechanisms
associated with fibers contribute a significant role at relatively wider
crack opening widths. Experimental observations have also demon-
strated a distinction between the aggregate and fiber bridging zones. As
a result, the nonlinear fracture process zone for FRC is further divided
into the aggregate bridging zone and the fiber bridging zone, as shown
in Fig. 6.

The aggregate bridging zone is approximated by the same
softening model as the plain concrete. The fiber bridging zone is
assumed to represent the concrete material damage at wider crack
opening width and is approximated by a linear descending slope with
respect to the increase in the crack openingwidth as seen in Fig. 6. The
linear descending slope is associated with the energy balance concept
[54,55]: a crack will propagate when the energy available to extend a
unit area of crack is equal to the energy required.With the inclusion of
fibers to plain concrete, the additional energy is required to de-bond
and pull-out the fibers from the concrete matrix, not necessarily to
create additional fractured surfaces. The additional energy corre-
Fig. 5. Plain concrete fracture mechanisms and experim
sponds to the difference between the total fracture energy of plain
concrete and the total fracture energy of FRC, which is the shaded
region in the proposed softening model (see Fig. 6). The proposed
representation of the fiber bridging zone may not be the best choice
for certain fiber types and high volume fractions that result in a
secondary peak in the global load–CMOD response curve. Significant
distributed micro-cracking can lead to strain hardening behavior in
the post cracking stage [10,30], and inverse analysis techniques of
strain hardening load–deflection curves for FRC [27,28] have resulted
in different traction–separation relationship curves than that shown
in Fig. 6.

The proposed FRC softening model is determined by six experi-
mental fracture parameters:

■ tensile strength (f t′),
■ initial fracture energy (Gf),
■ total fracture energy of plain concrete (GF),
■ critical crack opening displacement (CTODc),
■ total fracture energy of FRC (GFRC) and
■ fiber length (Lf).
ental fracture parameter based softening model.



Fig. 6. Fracture mechanisms and the experimental fracture parameter based softening model for fiber reinforced concrete (FRC).
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The first four parameters define the bilinear softening of the plain
concrete, as discussed previously. The first kink point (wk1,ψ1 ft′) in the
FRC softening model (Fig. 6) is the same as the kink point (wk, ψft′) in
the plain concrete softening model (Fig. 5), which is calculated by
Eqs. (2) and (3). The total fracture energy of FRC, which corresponds
to the area under the trilinear softening model, is estimated by the
work-of-fracture method [48] with the full load–deflection curves.
The CMOD at the onset of specimen failure is approximately 45 mm.
Notice that the total fracture energy of FRC is not the same as
“toughness — the energy equivalent to the area under the load–
deflection curve up to a specified deflection” defined in ASTM
standard C1018 [56] or C1609 [57]. The horizontal axis intercept
(w2) of the second softening slope (Fig. 6) is the same as the final
crack opening width (Eq. (4)) in the plain concrete softening model
(Fig. 5). Next, the final crack opening width (wf) can be estimated as a
quarter to one-half of the fiber length (Lf/4, Lf/2), which corresponds
to the average pull-out length for randomly distributed fibers
reported in the literature [58–60]. Finally, the second kink point
position (wk2, ψ2 ft′) is calculated from the additional fracture energy
(GFRC−GF) due to the inclusion of fibers and is expressed as the
following,

ψ2 =
2 GFRC−GFð Þ
f ′t wf−w2ð Þ ; ð5Þ
Fig. 7. Spatial variation of a material property for (a) h
and

wk2 = w2−
ψ2

ψ1
w2−wk1ð Þ: ð6Þ

3.3. Functionally graded FRC

Fiber volume fraction can be spatially varied, i.e., functionally
graded FRC, in order to achieve similar structural performance in an
engineered system at a lower cost. The effect of functionally layered
FRC with regards to fracture energy and residual load capacity is
investigated by means of computational simulation with the cohesive
zone model [8], which can subsequently be applied to concrete slabs,
pavements, or structural elements.

The constitutive model for functionally graded FRC is extended
from the model of homogeneous FRC, i.e. trilinear softening model.
The fracture parameters associated with the fiber bridging zone in the
trilinear softening model are the total fracture energy (GFRC) and fiber
length (Lf). If fiber length is uniform in functionally graded FRC, GFRC is
the only fracture parameter that spatially varies with respect to fiber
volume fraction. The functional form GFRC(x) is computed by
interpolating the total fracture energy at the nodal locations. The
spatial variation of GFRC also leads to a change in the second kink point
in the trilinear softeningmodel. The change of the fracture parameters
in the constitutive model is managed by utilizing the generalized
omogeneous elements; and (b) graded elements.



Fig. 8. (a) Typical mesh for the finite element analysis; (b) zoom in of the mesh along the cohesive fracture region; (c) example of the total fracture energy variation.
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isoparametric formulation (GIF) [61,62], which is explained in the
next section.

4. Computational simulation

The trilinear FRC softening model is validated by predicting the
load versus CMOD curves of experimental FRC beams in conjunction
with a finite element-based cohesive zone model. Cohesive surface
elements are developed as a user-defined element (UEL) subroutine
in the commercial software ABAQUS. Computer simulations of
Fig. 9. Comparison between experimental results and
functionally graded fiber reinforced concrete are also analyzed and
presented for three different fiber distributions.

When a material property varies spatially, the constitutive
relationship is also a function of location. In traditional finite element
formulation, the constitutive law is independent of position within
an element (i.e. homogeneous element). Kim and Paulino [62]
proposed the generalized isoparametric formulation (GIF) to repre-
sent material gradation within an element (i.e. graded element). In
the isoparametric formulation, displacement fields (u) and geometric
coordinates (x) are interpolated from nodal quantities (ui, xi) using
simulation results for full depth FRC specimens.
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the same shape functions (Ni). Similarly, in the GIF, material pro-
perties (e.g. fracture energy of FRC, GFRC) at Gaussian integration
points are also interpolated from nodal points (GFRCi) using the same
shape functions,

GFRC = ∑
nel

i=1
NiGFRCi; ð7Þ

where nel is the number of nodes in an element. Fig. 7(a) and (b)
demonstrates spatial variations of material properties for homoge-
neous and graded elements, respectively. Homogeneous elements
generally result in stress jumps due to the discontinuity of material
properties while graded elements reduce these effects. Moreover,
graded finite elements typically provide more accurate local stress
than conventional homogeneous elements [62,63], and thus a coarser
mesh can be used in the material gradation region, decreasing
computational costs.

The functionally layered FRC composite beams and the
corresponding specimen geometry employed in this research are
described in Figs. 1 and 2, respectively. The elastic modulus of plain
Fig. 10. Comparison between experimental and simulation results with respect to the differ
layer at the bottom; (d) FRC layer at the top.
concrete was 27.2 GPa (3950 ksi), and the modulus of FRC was
26.5 GPa (3850 ksi). Additional fracture parameters are listed in
Table 2. In the computational simulation, the bilinear softening
component, i.e. the aggregate bridging zone, is determined by the
fracture parameters of plain concrete while the linear descending part
in the FRC softeningmodel, i.e., the fiber bridging zone, is estimated by
the fracture parameters of FRC.

In the finite element analysis, general volumetric elements
represent the elastic behavior of the concrete materials while
cohesive surface elements characterize the fracture behavior of the
concretematerials. The mesh for the finite element analysis is given in
Fig. 8(a), and a zoom in of the mesh along the cohesive fracture region
is shown in Fig. 8(b). The finite element mesh consists of 6444 nodes,
6186 volumetric elements, and 100 cohesive surface elements. The
cohesive elements are inserted along potential crack paths, and an
initial ascending slope is introduced in the constitutive relationship of
the cohesive zone model, i.e., intrinsic cohesive zone modeling
[37,47]. Since mode I fracture is only considered in this study, the
cohesive elements are inserted along the vertical load line. The size of
the cohesive element was selected to be 1 mm, which is small enough
ent combination of FRC layers: (a) full depth plain concrete; (b) full depth FRC; (c) FRC



Fig. 10 (continued).
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to capture the local fracture process in this problem [36]. Between the
top and the bottom layers, the graded region is introduced by using
the GIF in order to reduce stress discontinuity, and to represent
concrete mixture blending between the top and bottom layers in the
casting process. In the computational simulation of functionally
layered concrete, the total fracture energy of FRC (GFRC) is assumed
to vary linearly between the two layers as an initial estimate, as
shown in Fig. 8(c) for plain (top layer) and FRC (bottom layer).
Fig. 11. Spatial variation of fiber volume fraction fr
5. Results and discussion

Results from the finite element simulations with the cohesive zone
model are compared with the experimental load–CMOD curves for
the four different combinations of FRC layers shown in Fig. 1. The first
simulation shown in Fig. 9 demonstrates the fracture behavior of full
depth FRC specimens. In the trilinear (FRC) softening model, the final
crack opening width of Lf/2 and Lf/4 (half and quarter of the fiber
om the initial notch to the top of a specimen.



Fig. 12. Simulations of homogeneous and functionally graded fiber reinforced concrete specimens.
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length, respectively) are utilized. The simulation result with the
bilinear softening model is also illustrated in Fig. 9 for comparison
purpose. The bilinear softening model significantly overestimates the
experimental load–CMOD curves except at very large opening widths,
while the proposed FRC softening model correctly bounds the overall
load–CMOD curves. Fig. 10 presents the simulation results with
respect to the four different combinations of FRC layers. Simulation
results demonstrate the global response agreement between the
experiments and themodel in the elastic, peak, and post-peak regions.
The difference between the peak load of computational result and the
average peak load of experimental data is between 3 and 11%. The
model cannot locally capture the slight increase in residual load,
shown in Fig. 10(b) and (c) because the constitutive model does not
consider the individual fiber pull-out effect. In the plateau region, the
wf=Lf/2 illustrates the lower bound of the load–CMOD curves while
thewf=Lf/4 demonstrates the upper bound of the load–CMOD curves
in this study.

The effects of fiber gradation are also investigated with the
validated computational tool. Fig. 11 illustrates potential spatial
distribution of the total fracture energy of FRC for several functionally
graded FRC composite beams. The functionally graded FRC beams are
compared with homogeneous beams of plain concrete and FRC,
shown in Fig. 12. All specimens respond with the same elastic, peak
load, and early post-peak load behaviors, but demonstrate markedly
different load carrying capacities when the CMOD is greater than
0.5 mm (0.02 in). The load carrying capacities in the plateau region
depend on the fiber distributions. If one assumes that the total
fracture energy of FRC is proportional to a fiber volume fraction, the
functionally graded FRC specimens contain half of the fiber volume
fraction as the homogeneous FRC specimens. The fiber distribution in
Fig. 11(a) provides more than half of the load carrying capacity in the
post-peak region relative to the homogeneous FRC specimen.
However, the fiber distribution of Fig. 11(b) provides less than half
of the post-peak load carrying capacity with respect to the
homogeneous FRC case. The fiber distribution of Fig. 11(c) does not
provide as much load carrying capacity as that of Fig. 11(a) either.
However, this bilinear fiber gradation (Fig. 11(c)) provides the same
effective resistances for both top-down cracking and bottom-up
cracking that may occur simultaneously in slab-on-ground applica-
tions with certain loading configurations. As a result, functionally
graded FRC has potential to maximize the load carrying capacity of
structures with lower effective volumes of fibers relative to full depth
FRC structures.
6. Conclusion

A simple and practical trilinear softeningmodel for fiber reinforced
concrete (FRC) is proposed, which is defined by the following esti-
mated experimental fracture parameters: the tensile strength (f t′),
initial fracture energy (Gf), total fracture energy of plain concrete (GF),
critical crack opening displacement (CTODc), fiber length (Lf), and
total fracture energy of FRC (GFRC). The model separates fracture
mechanisms of FRC into the aggregate bridging zone and the fiber
bridging zone. The aggregate bridging zone is related to the total
fracture energy of plain concrete (GF) while the fiber bridging zone is
associated with the difference between the total fracture energy of
FRC and the total fracture energy of plain concrete (GFRC−GF). The
proposed FRC softening model is able to predict the load–CMOD
curves for different combinations of FRC and plain concrete layers.
Furthermore, the effects of fiber spatial distributions are investigated
by introducing a specially graded cohesive element into the
computational simulations. The simulation results illustrate that
functionally graded (or layered) FRC can potentially be used to design
more economical structural systems. Functionally graded (or layered)
FRC is one application of multifunctional and functionally graded
concrete materials for the civil infrastructure. Varying concrete
constituents (e.g. fibers, aggregate type, or air voids) can provide
extra flexibility in designing efficient structural systems.
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