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a b s t r a c t

Macroscopic constitutive relationship is estimated by considering the microscopic particle/
matrix interfacial debonding. For the interfacial debonding, the PPR potential-based cohe-
sive model is utilized. The extended Mori–Tanaka model is employed for micromechanics,
while a finite element-based cohesive zone model is used for the computational model.
Both models (theoretical and computational) agree well each other in representing the
macroscopic constitutive relationship on the basis of the PPR model. The microscopic inter-
facial cohesive parameters of the PPR model are estimated from macroscopic composite
material behavior. In addition, different microscopic debonding processes are observed
with respect to different macroscopic constitutive relationships (e.g. hardening, softening,
and snap-back).

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

The connections between different length scales, for example macroscopic behavior and microscopic behavior, are essen-
tial in understanding physical material behavior. Micromechanics models have been utilized to estimate the effective mac-
roscopic elastic response of composite materials [1,2]. For instance, the self-consistent method [3,4] approximates the
effective elastic properties by embedding a particle in the infinite medium of unknown effective properties. The generaliza-
tion of this method, called the generalized self-consistent method [5], consists of introducing the matrix layer with the pre-
scribed volume fraction between a particle and the effective infinite medium. The Mori–Tanaka method [6] is developed to
calculate the average internal stress in the matrix of a material containing inclusions with transformation strain. The exten-
sion of the Mori–Tanaka model describes constitutive behavior of composites with interface debonding [7].

Several researchers have linked microscopic matrix/particle behavior with macroscopic continuum and fracture including
either non-cohesive or cohesive behavior. Yin et al. [8] developed a micromechanics-based elastic constitutive model for
functionally graded materials (FGMs) with particle interactions. The model was extended to represent effective thermo-elas-
tic behavior of FGMs [9]. Paulino et al. [10] developed a micromechanical damage model for two-phase FGMs, which con-
siders the interfacial debonding of particles and pair-wise interactions between particles. Levy [11] theoretically
investigated separation of the matrix/particle interface under biaxial load. Siegmund and Brocks [12] employed the modified
Gurson relationship [13] to consider void nucleation and growth, and to calibrate fracture parameters of the exponential
. All rights reserved.

x: +1 217 265 8041.
), kpark16@illinois.edu (K. Park), paulino@illinois.edu (G.H. Paulino), y-huang@northwestern.edu (Y.

http://dx.doi.org/10.1016/j.engfracmech.2010.01.007
mailto:ducngo2@illinois.edu
mailto:kpark16@illinois.edu
mailto:paulino@illinois.edu
mailto:y-huang@northwestern.edu
http://www.sciencedirect.com/science/journal/00137944
http://www.elsevier.com/locate/engfracmech


Nomenclature

a radius of a particle
a1, a2 radii of the large and small particles
b size of the representative volume element
E elastic modulus
Em elastic modulus of the matrix
Ep elastic modulus of particles
�K initial bulk modulus
Km elastic bulk modulus of the matrix
Kp elastic bulk modulus of the particle
f volume fraction of the representative volume element
f1, f2 volume fractions of the large and small particles
fk volume fraction of the kth particle
I second-order identity tensor
m, n non-dimensional exponents in the PPR model
Mm elastic compliance tensor of matrix materials
Mp

k elastic compliance tensor of particle materials
n unit normal vector on the interface pointing into the matrix
N number of particles in the matrix
Sint

k debonding surface between particles of kth size and matrix
½u�k displacement separation at the kth particle/matrix interface
[un] average displacement discontinuity in the normal direction
um displacement on the interface of the matrix
up

k displacement on the interface of the kth particle
a;b shape parameter indices in the PPR model
dn; dt normal and tangential final crack opening widths
Dk displacement separation at the kth particle/matrix interface
Dn;Dt normal and tangential separations
�e; �e averaged strain in the representative volume element (or macroscopic stress)
em microscopic strain in the matrix
�em average strain in the matrix
ep

k microscopic strain in the kth particle
�ep

k average strain in the kth particle
�eint

k average strain due to the debonding between the kth particle and matrix
/n;/t mode I and mode II fracture energies
Cn;Ct energy constants in the PPR model
kn; kt initial slope indicators in the PPR model
v Poisson’s ratio
vm Poisson’s ratio of the matrix
vp Poisson’s ratio of particles
�r; �r averaged stress in the representative volume element (or macroscopic stress)
rint; Tn normal cohesive stress at the particle/matrix interface
rint

1 ;rint
2 microscopic cohesive stresses of the large and small particles

rmax normal cohesive strength
�rmax macroscopic cohesive strength
rm microscopic stress in the matrix
�rm; �rm average stress in the matrix
rp

k microscopic stress in the kth particle

�rp
k ; �rp average stress in the kth particle

sint; Tt tangential cohesive stress at the particle/matrix interface
smax tangential cohesive strength
X volume of a composite material
Xm volume of the matrix
Xp

k volume of the kth particle
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traction–separation relationship. Allen and Searcy [14] idealized the representative volume element (RVE) as fibrils that are
surrounded by air, and obtained homogenized traction–separation relationships. Tan et al. [15] utilized digital image corre-
lation technique to obtain macroscopic cohesive parameters. Based on these cohesive parameters, the extended Mori–Tana-
ka method was applied to obtain a microscale cohesive relationship for particle/matrix interface.
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Micromechanical particle/matrix behaviors can be investigated by means of computational methods. Shen et al. [16,17]
studied the effect of particle shape and distribution on the effective elastic and plastic responses under perfect bonding be-
tween matrix and particle within the finite element analysis framework. Cohesive elements were incorporated with the fi-
nite element analysis to represent the matrix/particle debonding process. Xu and Needleman [18] investigated void
nucleation along the interface in conjunction with an interfacial cohesive relationship, and Finot et al. [19] demonstrated
the influence of crack size, in addition to shape, spatial distribution, and volume fraction of the particles. Mogilevskaya
and Crouch [20] employed the Galerkin boundary integral method to study an infinite elastic plane containing randomly dis-
tributed circular elastic inclusions with homogeneously imperfect interfaces. Carpinteri et al. [21] investigated snap-back
instability in micro-structured composites under uniaxial displacement boundary conditions in conjunction with a contact
formulation which handles cohesive forces.

Cohesive elements represent the nonlinear fracture process zone. The concept of the cohesive zone model can be found in
the papers by Dugdale [22] and Barenblatt [23]. This concept has been widely utilized to characterize both microscopic and
macroscopic fracture behavior. For example, Boone et al. [24] utilized nonlinear joint elements to simulate fracture process
of rock, and Ingraffea et al. [25] considered bond-slip in reinforced concrete in conjunction with tension softening elements.
Xu and Needleman [26] utilized a cohesive surface network to simulate fast crack growth in brittle solids. Han et al. [27]
simulated delamination propagation between a face sheet and a core in a honeycomb composite panel, while Song et al.
[28] studied fracture of viscoelastic materials (e.g. asphalt concrete) by using a bilinear cohesive zone model. Furthermore,
Zhang et al. [29] investigated dynamic fracture and microbranching instability in brittle materials.

The constitutive relationship of the cohesive interface, i.e. the conjugate traction–separation relationship, can be obtained
through potential-based models. For instance, Tvergaard and Hutchinson [30] introduced a one-dimensional potential, and
Xu and Needleman [26] presented the popular exponential-based potential model. Recently, a unified potential-based cohe-
sive model [31], called the PPR (Park–Paulino–Roesler) model, was proposed, which provides consistent constitutive rela-
tionships for both proportional and non-proportional separation paths.

In this paper, the constitutive relationship of materials with microstructure is investigated by using the potential-based
PPR cohesive model for the interface relationship. This investigation is integrated with a theoretical micromechanics model
and a finite element-based cohesive zone model. In addition, the fracture parameters of the PPR model are estimated in con-
junction with a micromechanics model.

The paper is organized as follows. Section 2 presents a theoretical micromechanics model that accounts for particle/ma-
trix interface debonding. Next, the potential-based constitutive model for the interface between particle and matrix is ex-
plained in Section 3. Afterwards, Section 4 investigates the influence of cohesive fracture parameters, particle size and
volume fraction on the constitutive relation under hydrostatic tension loading. Section 5 integrates the theoretical model
with the computational model through investigation of particle/matrix debonding under equi-biaxial tension loading. The
cohesive parameters of the PPR model are determined using macroscopic cohesive behavior in Section 6. Finally, the key
findings of the paper are summarized in Section 7.

2. Constitutive behavior of composites accounting for particle/matrix interface debonding

We consider a RVE with volume X of the composite material of N different particle sizes embedded in the matrix. We
assume the particles and matrix materials as linearly elastic. We denote the matrix volume and particle volume of the
kth particle size as Xm and Xp

k , respectively (k = 1, . . . , N). The particle volume fraction fk of the kth particle size is given
by Xp

k=X. The average stresses in the matrix �rm and in the kth particle �rp
k are defined as �rm ¼ 1

Xm

R
Xm rm dV and

�rp
k ¼ 1

Xp
k

R
Xp

k
rp

k dV , respectively, where rm is microscopic stress in the matrix, and rp
k is microscopic stress in the kth particle.

The average stress in the RVE or macroscopic stress �r is given in terms of �rm and �rp
k [32–35] by �r ¼ ð1� f Þ�rm þ

PN
k¼1fk�rp

k ,

where f ¼
PN

k¼1fk.
The average strains in the matrix �em and in the particles �ep

k are defined as �em ¼ 1
Xm

R
Xm em dV and �ep

k ¼ 1
Xp

k

R
Xp

k
ep

k dV , respec-
tively, where em is microscopic strain in the matrix, and ep

k is microscopic strain in the kth particle. The average strain in the
RVE or macroscopic strain �e is given in terms of �em and �ep

k by [36]
�e ¼ ð1� f Þ�em þ
XN

k¼1

fkð�ep
k þ �eint

k Þ; ð1Þ
where �eint
k is the average strain which is contributed from the debonding interface Sint

k between particles of kth size and ma-
trix. In fact, �eint

k is related to the separation
Dk ¼ ½u�k ¼ um � up
k ; ð2Þ
at the kth particle/matrix interface by
�eint
k ¼

1
2Xp

k

Z
Sint
ðDk � nþ n� DkÞdA; ð3Þ
where um and up
k are the displacements on the interface of the matrix and the kth particle, respectively, and n is the unit

normal vector on the interface pointing into the matrix (positive sign convention).
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The average strains in the matrix and kth particle are related to the correspondent average stresses by �em ¼ Mm : �rm and
�ep

k ¼Mp
k : �rp

k , where Mm and Mp
k are the elastic compliance tensors of matrix and particle materials respectively. Then, the

averaged strain in the RVE (1) is rewritten as
�e ¼Mm : �rþ
XN

k¼1

fk ðMp
k �MmÞ : �rp

k þ �eint
k

� �
: ð4Þ
Expression (4) shows that, in order to obtain the constitutive relation of macroscopic strain and macroscopic stress, the
average stresses in particles �rp

k and the average strains from interface debonding �eint
k need to be determined in terms of mac-

roscopic stress �r or macroscopic strain �e.

2.1. Hydrostatic tension stress state

In this section, for simplicity in evaluating �rp
k and �eint

k , we follow the approach by Tan et al. [36] by considering a case of
identical spherical particles embedded in an isotropic matrix subjected to hydrostatic tension stress state �r ¼ �rI, where I is
the second-order identity tensor. We assume that all the particles are isotropic, and have the same elastic modulus and ra-
dius a. From the tensorial equations of macroscopic stress and strain, we obtain
�rii ¼ ð1� f Þ�rm
ii þ f �rp

ii; ð5Þ

�eii ¼
ð1� 2mmÞ

Em �rii þ f
ð1� 2mpÞ

Ep � ð1� 2mmÞ
Em

� �
�rp

ii þ �eint
ii

� �
; ð6Þ
where (Em, vm) and (Ep, vp) are the elastic moduli and Poisson’s ratios of the matrix and particles, respectively. The macro-
scopic stress �r, the average stress in the matrix �rm, and the average stress in the particles �rp are defined as
�r ¼ �rii=3; �rm ¼ �rm
ii =3; �rp ¼ �rp

ii=3: ð7Þ
Hence Eq. (5) can be rewritten as
�r ¼ ð1� f Þ�rm þ f �rp: ð8Þ
The average strain contributed from the interface debonding eint
ii is determined from Eq. (3) as
�eint
ii ¼

1
Xp

Z
Sint

DndA ¼ 3Dn

a
; ð9Þ
where Dn ¼ ½un� is the average displacement discontinuity (or separation) along the normal direction (or radial direction
in this case) on the interfaces between particles and matrix. Therefore, from Eq. (6), the macroscopic strain �e can be
obtained as
�e ¼
�eii

3
¼ 1� 2mm

Em �rþ f
1� 2mp

Ep � 1� 2mm

Em

� 	
�rp þ Dn

a

� �
: ð10Þ
2.2. Extended Mori–Tanaka method under hydrostatic tension

To determine the relation of �rp and Dn in terms of the macroscopic stress �r, following the approach by Tan et al. [36], we
extend the Mori–Tanaka method [6], which is widely used for composite materials with high particle volume fraction. In the
Mori–Tanaka method, the average stress �rp in particles is related to the average stress �rm in the matrix instead of the mac-
roscopic stress �r. Therefore, we consider a single spherical particle of radius a in an infinite matrix subject to the remote
hydrostatic tensile stress state �rmI, shown in Fig. 1a. The average particle stress �rp is uniform and equal to the normal stress,
rint, at the particle/matrix interface. Due to interface debonding, the normal displacement (or displacement in the radial
direction) has a jump at the particle/matrix interface. At the outside boundary of the particle, the normal displacement is
given as 1�2mp

Ep arint, while at the inner boundary of the matrix, the normal displacement is given as
a

2Em 3ð1� mmÞ�rm � ð1þ mmÞrint
� �

. The normal separation or the separation along the radial direction, at the particle/matrix
interface can be obtained as
Dn ¼ ½un� ¼
3ð1� mmÞ�rm � ð1þ mmÞrint

2Em � 1� 2mp

Ep rint
� �

a: ð11Þ
The average stress in the matrix �rm can be expressed in terms of Dn and rint as
�rm ¼ 2Em

3ð1� mmÞ rint 1� 2mp

Ep þ 1þ mm

2Em

� 	
þ Dn

a

� �
: ð12Þ



(a) (b)

Fig. 1. (a) A spherical particle under hydrostatic tension stress state and (b) a cylindrical particle under equi-biaxial tension stress state.
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Substituting Eq. (12) into the Eq. (8), we obtain the macroscopic stress �r in terms of Dn and rint as
�r ¼ ð1� f Þ 2Em

3ð1� mmÞ rint 1� 2mp

Ep þ 1þ mm

2Em

� 	
þ Dn

a

� �
þ frint: ð13Þ
The macroscopic strain �e in this case can be written as
�e ¼ 1� 2mm

Em �rþ f
1� 2mp

Ep � 1� 2mm

Em

� 	
rint þ Dn

a

� �
: ð14Þ
In order to obtain the constitutive relation between the macroscopic stress �r and macroscopic strain �e from Eqs. (13) and
(14), the relationship between the normal stress rint and the normal separation Dn at the particle/matrix interface is needed.
In this paper, the PPR cohesive model [31] for particle/matrix interface debonding is employed to establish the relation be-
tween the normal stress and the normal separation at the interface.

2.3. Extended Mori–Tanaka method under equi-biaxial tension

For equi-biaxial tension loading ð�rÞ under plane strain condition, we consider the case that all particles are isotropic, and
are cylindrical with radius a, as shown in Fig. 1b. Once again, the extended Mori–Tanaka method is employed, in which the
macroscopic stress �r can be obtained from Eq. (8), and the macroscopic strain �e can be obtained as
�e ¼ ð1þ mmÞð1� 2mmÞ
Em �rþ f

ð1þ mpÞð1� 2mpÞ
Ep � ð1þ mmÞð1� 2mmÞ

Em

� �
�rp þ Dn

a

� �
; ð15Þ
where the average stress in the particle �rp is uniform and equal to the normal stress at the particle/matrix interface ðrintÞ,
which is related to the normal separation Dn by the cohesive relation of the PPR model. Accordingly, the average stress in the
matrix �rm is given by
�rm ¼ Em

2ð1� mmÞð1þ mmÞ
1þ mm

Em þ ð1� 2mpÞð1þ mpÞ
Ep

� �
rint þ Dn

a

� �
: ð16Þ
Notice that Eqs. (8), (15), and (16) provide the constitutive relation between macroscopic stress and macroscopic strain of
composite materials accounting for interface debonding under equi-biaxial loading with plane strain conditions.
3. PPR: potential-based cohesive model for interface debonding

Park et al. [31] proposed a cohesive zone model for mixed mode fracture that overcomes some limitations of previous
potentials such as ill-defined fracture parameters, large artificial compliance, and infinite final crack opening width. This
model is based on the potential W which is expressed in terms of normal separation Dn ¼ ½un� and tangential separation
Dt ¼ ½ut� along the fracture surface as
WðDn;DtÞ ¼ minð/n;/tÞ þ Cn 1� Dn

dn

� 	a m
a
þ Dn

dn

� 	m

þ h/n � /ti
� �

Ct 1� jDtj
dt

� 	b n
b
þ jDtj

dt

� 	n

þ h/t � /ni
" #

; ð17Þ
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where (Cn, Ct) are energy constants, (m, n) are non-dimensional exponents, (a, b) are shape parameters, and (dn, dt) are char-
acteristic length scales. In two-dimensions (2D), /n and /t are the mode I and mode II fracture energies, respectively. The
energy constants (Cn, Ct) are related to the fracture energies by
Cn ¼ ð�/nÞ
h/n�/t i
/n�/t

a
m


 �m

; Ct ¼ ð�/tÞ
h/t�/n i
/t�/n

b
n

� 	n

; ð18Þ
for the case of different fracture energies ð/n–/tÞ, where h:i is the usual Macaulay bracket, i.e. hxi ¼ 0; ðx < 0Þ
x; ðx P 0Þ

�
. If the frac-

ture energies are the same ð/n ¼ /tÞ, the energy constants are simplified as Cn ¼ �/n
a
m

� 
m
;Ct ¼ b

n

� 
n
. The non-dimensional

exponents (m, n) are evaluated by the shape parameter indices (a, b) and initial slope indicators (kn, kt) as follows (cf. [31]):
m ¼ aða� 1Þk2
n

ð1� ak2
nÞ
; n ¼ bðb� 1Þk2

t

ð1� bk2
t Þ
: ð19Þ
The initial slope indicators (kn, kt) are defined as the ratios of the critical crack opening widths, where the corresponding
cohesive stresses are maximum (tension and shear cohesive strengths), to the corresponding final crack opening widths.
Hence, they control the elastic behavior in a cohesive relationship. Smaller values of these indicators give higher initial slope
in the cohesive relation, and thus decrease artificial elastic deformation. The shape of the cohesive relation can be conve-
niently changed by using shape parameter indices. If (a, b) are larger than 2, the relationship has a convex softening shape.
On the other hand, if (a, b) are smaller than 2, the relationship has a concave softening shape. For the case in which the two
indices are equal to 2, the softening relation obtained is nearly linear.

Moreover, (dn, dt) are the normal and tangential final crack opening width, respectively,
dn ¼
/n

rmax
aknð1� knÞa�1 a

m
þ 1


 � a
m

kn þ 1

 �m�1

dt ¼
/t

smax
bktð1� ktÞb�1 b

n
þ 1

� 	
b
n

kt þ 1
� 	n�1 ð20Þ
with (rmax, smax) being the normal and shear cohesive strength, respectively.
The normal cohesive stress rint (or normal cohesive traction, Tn) and tangential cohesive stress sint (or tangential cohesive

traction, Tt) at the interface can be obtained by taking the gradient of the potential as
rintðDn;DtÞ ¼
Cn

dn
m 1� Dn

dn

� 	a m
a
þ Dn

dn

� 	m�1

� a 1� Dn

dn

� 	a�1 m
a
þ Dn

dn

� 	m
" #

� Ct 1� jDtj
dt

� 	b n
b
þ jDtj

dt

� 	n

þ h/t � /ni
" #

sintðDn;DtÞ ¼
Ct

dt
n 1� jDt j

dt

� 	b n
b
þ jDt j

dt

� 	n�1

� b 1� jDtj
dt

� 	b�1 n
b
þ jDt j

dt

� 	n
" #

� Cn 1� Dn

dn

� 	a m
a
þ Dn

dn

� 	m

þ h/n � /ti
� �

Dt

jDtj

ð21Þ
to obtain the intrinsic cohesive constitutive model. When the normal separation Dn and tangential separation Dt reach their
final crack opening widths (dn, dt), respectively, the normal cohesive stress rint and tangential cohesive stress sint vanish. If
the separations are greater than their final crack opening widths, the corresponding cohesive stress is set to zero [31].

For tensile opening (mode I) fracture, McMeeking and Parks [37] showed that in modified compact tension tests, the
stress state ahead of the crack tip is nearly hydrostatic. Tan et al. [15] also showed that, in 2D mode I fracture, the stress
state is equi-biaxial within the cohesive zone ahead of the crack tip. For those special cases of loadings, the tangential cohe-
sive stress vanishes and the normal cohesive stress in Eq. (21) can be simplified by taking the tangential separation Dt ¼ 0.
Thus, we obtain the following intrinsic cohesive zone model for normal cohesive stress rint in terms of normal separation Dn

as
rint ¼ /n

dn

a
m


 �m

1� Dn

dn

� 	a�1 m
a
þ Dn

dn

� 	m�1

ðmþ aÞDn

dn
: ð22Þ
This relation between the normal cohesive stress and the normal separation provides the cohesive relationship of the
interface debonding along the normal direction and is illustrated in Fig. 2. For the sake of illustration, in this example, the
tension cohesive strength (rmax) is chosen to be 10 MPa and the fracture energy for mode I (/n) is 1 N/m. The shape param-
eter index (a) is set to 3, while the initial slope indicator (kn) is selected as 0.005.

In the case of hydrostatic tension loading, the cohesive relation of rint in terms of Dn in Eq. (22) together with Eqs. (13)
and (14), which represent the relation of macroscopic stress and strain in terms of rint and Dn, provides a system of
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parametric equations in terms of the normal displacement separation Dn. Based on these equations, we can determine the
constitutive relation between the macroscopic stress and strain of composite materials.

4. Micromechanics investigation of the PPR Model

In the previous sections, we have shown that macroscopic constitutive behavior of composite materials accounting for
particle/matrix debonding can be obtained by incorporating the PPR cohesive relation into the micromechanics model. In
this section, we investigate the effect of relevant PPR cohesive parameters, e.g. particle size and volume fraction, on the mac-
roscopic constitutive behavior of the material. For simplicity, we apply our micromechanics model in the hydrostatic tension
loading case, presented in Section 2, to the limit when the material is homogenous. Hence, both matrix and particle have the
same material properties. At this time, the particles have the role as microstructure in the material, and the volume fraction
(f) represents the amount of interface between the microstructure and the material. We still assume that all the microstruc-
tures are isotropic and have the same spherical shape with the radius a (see Fig. 1a). Thus, the macroscopic stress and strain
in Eqs. (13) and (14) are simplified to
�r ¼ ð1� f Þ 2E
3ð1� mÞ

Dn

a
þ rint; ð23Þ

�e ¼ 1
3K

�rþ f
Dn

a
; ð24Þ
where K is the elastic bulk modulus of the material and rint is described in terms of normal separation Dn as shown in Eq.
(22).
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From the two parametric equations in terms of normal separation, i.e. Eqs. (23) and (24), the macroscopic constitutive
relation of the material can be determined as illustrated in Fig. 3 for particle size a = 100 lm. In Fig. 3, the values of elastic
modulus and Poisson’s ratio for both matrix and particle are chosen as E ¼ 122 GPa and m = 0.25, respectively. The PPR cohe-
sive parameters are the same as the ones used in Fig. 2, where cohesive strength rmax = 10 MPa, fracture energy /n = 1 N/m,
shape parameter index a = 3 and initial slope indicator kn = 0.005. Notice that the geometrical and material parameters, in
this section and also in the next section, are illustrative quantities chosen to investigate the overall behavior of composites
accounting for particle/matrix debonding with the PPR cohesive relation. The investigation of an actual material is provided
later in this paper (Section 6).

4.1. Effect of particle size

We investigate the effect of particle size while fixing all other parameters. Fig. 4 illustrates the macroscopic stress–strain
curves of the material for different particle sizes. The material tends to display hardening behavior when the size of the par-
ticles is small, while softening behavior appears in the case of large particles.

4.2. Effect of particle volume fraction

Similarly, to examine the effect of particle volume fraction on the macroscopic constitutive relation, we change the
value of the particle volume fraction and fix all other parameters. In the case of fine particles (a = 100 lm), Fig. 5
illustrates how the macroscopic stress–strain relation is influenced by the particle volume fraction. A higher volume
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Fig. 6. Effect of particle volume fraction on the constitutive relation in the case of coarse particles (a = 2 mm).
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fraction of particle gives a smaller slope in the hardening region of the stress–strain curve. For the case of coarse
particles (a = 2 mm), Fig. 6 shows that the softening effect increases when the volume fraction increases.
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Fig. 8. Effect of cohesive strength on the constitutive relation with volume fraction f = 0.6: (a) a = 100 lm and (b) a = 2 mm.
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4.3. Effect of cohesive energy

The influence of cohesive energy on the macroscopic constitutive relation is examined and shown in Fig. 7. When the
cohesive energy increases, more energy is needed to separate the particle and the matrix, therefore, the stress–strain curve
displays increased hardening effect.
4.4. Effect of cohesive strength

The increase of the cohesive strength of the interface debonding relation provides higher stress before the macroscopic
constitutive relation reaches the hardening–softening region. However, because the cohesive energy is fixed, the higher
cohesive strength gives a smaller final normal separation. Hence, the complete debonding occurs earlier, which is shown
clearly in the case of a large particle in Fig. 8b.
4.5. Brittleness number

The brittleness number [21,38] reflects the effect of particle size, cohesive strength, and fracture energy. The brittleness
number for the previous examples in Figs. 4–8 is calculated in Table 1, where it is defined as bK ¼ ar2

max=/nE (free from scal-
ing factors), which agrees with Hillerborg’s definition [39]. In general, a high brittleness number leads to softening behavior,
while a low brittleness number results in hardening behavior, as illustrated in Figs. 4–8. However, the brittleness number is
unable to capture the effect of volume fraction within the same framework. Furthermore, one may misunderstand actual
material behavior if one relies only on the brittleness number. For example, let us consider the following three cases:



Table 1
Investigation of brittleness number for the examples in Figs. 4–8.

Figure f a (mm) rmax (MPa) /n (N/m) E (GPa) Brittleness number

4 0.6 0.1/1/2 10 1 122 0.082/0.820/1.639
5 0.4/0.6/0.8 0.1 10 1 122 0.082
6 0.4/0.6/0.8 2 10 1 122 1.639
7a 0.6 0.1 10 5/1/0.5 122 0.016/0.082/0.164
7b 0.6 2 10 5/1/0.5 122 0.328/1.639/3.279
8a 0.6 0.1 10/15/20 1 122 0.082/0.184/0.328
8b 0.6 2 10/15/20 1 122 1.639/3.689/6.557
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Fig. 9. Macroscopic stress versus strain relationships for f = 0.6 and the same brittleness number (bK = 0.82).
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� Case I: a = 1 mm, rmax = 10 MPa, /n = 1 N/m, E = 122 GPa.
� Case II: a = 2 mm, rmax = 7.07 MPa, /n = 1 N/m, E = 122 GPa.
� Case III: a = 2 mm, rmax = 10 MPa, /n = 1 N/m, E = 244 GPa.

all of which provide the same brittleness number, i.e. bK = 0.82. The macroscopic stress versus strain relationships are plotted
in Fig. 9 considering f = 0.6. Although the three cases lead to the same brittleness number, they result in different macro-
scopic stress versus strain relationships.

5. Theoretical and computational investigation of materials with microstructure accounting for particle/matrix
interface debonding

Particle/matrix debonding process and macroscopic constitutive relationships of composite material are investigated by
utilizing both micromechanics and finite element method by means of an integrated approach. The geometry of the unit cell
for computational investigation is illustrated in Fig. 10a (cf. Fig. 1b). As indicated before, the particle sizes: (a) are 100 lm,
1 mm and 2 mm, while the size of the RVE (b) is calculated on the basis of the particle volume fraction of the microstructures.
The elastic modulus of both matrix and particle is 122 GPa, the Poisson’s ratio is 0.25, and the particle volume fraction is 0.6
for this study. In addition, in the computational simulation, the mode II fracture parameters ð/t ; smax; b; ktÞ are assumed to be
the same as the mode I fracture parameters ð/n;rmax;a; knÞ in the PPR model.

In the theoretical model, the extended Mori–Tanaka method under equi-biaxial loading with plane strain condition is em-
ployed. The expressions of the macroscopic strain (15), the average stress in the matrix (16), and the cohesive relationship of
the PPR model (22) lead to the constitutive relationship between macroscopic stress and macroscopic strain, as discussed in
Section 2.3.

In the computational simulation, a two-dimensional plane strain condition is employed, and a quarter of the unit cell is
analyzed because of symmetry along the horizontal and vertical directions (see Fig. 10). Both the matrix and particle are rep-
resented by volumetric elements while the interface debonding between particle and matrix is characterized by cohesive
surface elements using the PPR model [31]. Cohesive surface elements are implemented as a user-defined element subrou-
tine in the commercial software ABAQUS. The finite element mesh is illustrated in Fig. 11a, and cohesive surface elements are
inserted a priori along the particle/matrix interface, as indicated by a thick solid line. The number of bulk elements is 6826
(Q4), the number of cohesive elements is 200, and the total number of nodes is 7128. The size of cohesive elements is 16 lm
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Fig. 10. (a) Geometry of the square unit cell (size b) with particle of radius a and (b) boundary conditions for the computational modeling.
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Fig. 11. (a) Finite element mesh of the unit cell and (b) zoom of the mesh along the interface between particle (a = 2 mm) and matrix.
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Fig. 12. Computational results displaying macroscopic strain versus strain along the horizontal and vertical directions with cohesive strength of: (a) 15 MPa
and (b) 25 MPa.
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for the particle size of 2 mm, which is small enough to capture the nonlinear particle/matrix debonding process. We obtained
almost the same computational results using the cohesive element size of 32 lm as those with the size of 16 lm. A zoomed-
in region of the mesh around the interface is shown in Fig. 11b, and the mesh in this region is uniform.

Displacement boundary conditions are applied to the unit cell. The left and bottom edges in the finite element mesh are
fixed along the horizontal and vertical directions (Fig. 10b), respectively, due to the symmetry of the unit cell. Along the right
and top edges, uniform displacement is applied. In order to improve convergence of computational simulation in the matrix/
particle debonding process, especially for a case of snap-back instability, slightly higher displacement (e.g. 1%) is applied
along the horizontal direction. The averaged macroscopic strain is evaluated by dividing the corresponding displacement
along the edge by half of the RVE size (b/2), while the averaged macroscopic stress is calculated by dividing the summation
of reaction forces along the edge by half of the RVE size (b/2).

In this section, the particle/matrix debonding process is observed for different types of macroscopic constitutive relation-
ships. Next, the effect of microstructural size and material parameters on the macroscopic stress–strain relationship is the-
oretically and numerically investigated.

5.1. Particle/matrix debonding process

Different types of particle/matrix debonding processes are observed for different types of the macroscopic constitutive
relationships resulting from the change of microstructural size or material properties. In this study, for the configuration
(Fig. 10b) with the particle size a = 2 mm, the fracture energy and the shape parameter are fixed as /n = 5 N/m and a = 3.
The initial slope indicator is selected as a small value (e.g. kn 2 ½0:002;0:01�) within numerical stability limits. With the cohe-
sive strengths of rmax = 15 MPa and 25 MPa, the averaged macroscopic stress–strain relationships along the horizontal and
vertical directions are plotted in Fig. 12. When the cohesive strength is 15 MPa, the macroscopic stress–strain relationship



Fig. 13. Von Mises stress distribution for particle/matrix debonding process with softening behavior (Fig. 12a: rmax = 15 MPa) at the stage of: (a) point A, (b)
point B, (c) point C, and (d) point D.

1166 D. Ngo et al. / Engineering Fracture Mechanics 77 (2010) 1153–1174
displays softening behavior (Fig. 12a). On the other hand, if the cohesive strength is 25 MPa, the macroscopic stress–strain
relationship demonstrates snap-back instability behavior, as shown in Fig. 12b.

For the case of softening behavior (Fig. 12a: rmax = 15 MPa), the particle/matrix debonding process is observed at the four
points: elastic range (point A), peak point (point B), softening range (point C), and complete separation (point D). Accord-
ingly, Fig. 13 illustrates the deformed shape and von Mises stress distribution at each point. Before reaching the peak point
(point B), the von Mises stress distribution is uniform, i.e. elastic stage (Fig. 13a). After the peak point (Fig. 13b), stress in the
particle decreases while stress in matrix increases due to the particle/matrix debonding (Fig. 13c). In this softening stage (e.g.
point C), the separation along the particle/matrix interface is uniform. Finally, the stress in the particle reaches zero, and the
complete debonding occurs, as shown in Fig. 13d. In this case, the debonding process is stable, and thus the separation is
uniform along the interface.

When the macroscopic stress–strain relationship exhibits snap-back instability (Fig. 12b: rmax = 25 MPa), the particle/
matrix debonding process is different from the previous case. Until the microstructure reaches the elastic limit (point B),
the von Mises stress is generally uniform (Fig. 14a and b), and almost no debonding occurs. At the onset of the snap-back
instability, particle and matrix start to debond from each other. Because of the snap-back instability, unstable debonding
process is expected. Thus the separation along the particle/matrix interface may not be uniform. In this numerical investi-
gation, for example, the debonding occurs along the horizontal direction first, which corresponds to the stage from point B
(Fig. 14b) to point C (Fig. 14c). The initiated crack propagates along the interface between matrix and particle, which corre-
sponds to the stage from point C (Fig. 14c) to point D (Fig. 14d). The crack propagation in this stage is stable in the sense that



Fig. 14. Von Mises stress distribution for particle/matrix debonding process with snap-back behavior (Fig. 12b: rmax = 25 MPa) at the stage of: (a) point A,
(b) point B, (c) point C, (d) point D, (e) point E, and (f) point F.
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the increase of separation along the interface leads to the decrease of the macroscopic stress, i.e. softening behavior. Next, a
secondary snap-back instability is observed, which leads to the debonding along the vertical direction, i.e. the stage from
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point D to point E. In the end, the complete separation occurs at point F, as shown in Fig. 14f. The von Mises stress in the
particle becomes zero, and stress concentration is observed in the matrix.

5.2. Effect of microstructure size

The macroscopic constitutive relationship varies with respect to the change of the microstructure size, elastic modulus,
fracture energy and cohesive strength. First, the effect of microstructure size on macroscopic behavior is investigated. The
particle sizes are 2 mm, 1 mm, and 100 lm; with particle volume fraction f = 0.6. The fracture energy is /n = 1 N/m, the cohe-
sive strength is rmax = 10 MPa, and the shape parameter is a = 3. For the given fracture parameters, the constitutive relation-
ships for each particle size demonstrate similar elastic behavior (i.e. almost linear) until the macroscopic stress reaches
10 MPa, which corresponds to the adopted cohesive strength. After the elastic limit is reached, the fine particle
(a = 100 lm) material demonstrates hardening behavior while the coarse particle (a = 2 mm) material displays softening
behavior, as shown in Fig. 15.

5.3. Effect of particle elastic modulus

Next, the effect of the particle elastic modulus is studied. The elastic modulus of the matrix is fixed (Em = 122 MPa), while
the elastic modulus of particle (Ep) is selected as 61 MPa, 122 MPa, and 244 MPa, which leads to the ratio of the particle elas-
tic modulus to the matrix elastic modulus of 0.5, 1, and 2, respectively. The selected size of particle is 2 mm with volume
fraction f = 0.6. The fracture energy is /n = 5 N/m with cohesive strength of rmax = 10 MPa, and shape parameter a = 3. The
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Fig. 17. Effect of the fracture energy on the constitutive relationship with particle size of: (a) 100 lm and (b) 2 mm.
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higher elastic modulus of particles results in stiffer elastic behavior and shorter elastic range. The lower elastic modulus of
particles leads to a slightly higher macroscopic stress at the elastic limit, as shown in Fig. 16. At larger macroscopic strain,
complete debonding occurs, and thus the elastic modulus of particle does not influence the macroscopic stress–strain
relationship.

5.4. Effect of fracture energy and particle size

The change of cohesive fracture parameters also leads to different macroscopic constitutive relationships. Two particle
sizes (a = 2 mm and 100 lm) are investigated with respect to the fracture energies of /n = 1 N/m and 5 N/m. The cohesive
strength is rmax = 10 MPa, and the shape parameter is a = 3. For each particle size, elastic behavior is almost the same, as
shown in Fig. 17. After the averaged macroscopic stress reaches the elastic limit, which almost corresponds to the cohesive
strength (10 MPa), the larger fracture energy provides higher load capacity for both coarse and fine particle sizes. The in-
crease of fracture energy changes the macroscopic stress–strain relationship from softening behavior to hardening behavior
for the coarse particle (a = 2 mm).

5.5. Effect of cohesive strength and particle size

The effect of the cohesive strength is also investigated. The particle sizes are a = 2 mm and 100 lm; and the cohesive
strengths are rmax = 10 MPa, 15 MPa, and 25 MPa. The fracture energy and the shape parameters are fixed as /n = 5 N/m
and a = 3, respectively. In this simulation, the fine particle configuration demonstrates hardening behavior, while the coarse
particle illustrates various post-peak load behaviors such as hardening, softening and snap-back, with respect to the change
of cohesive strength (Fig. 18). The higher cohesive strength leads to higher macroscopic stress of the elastic limit. At the lar-
ger macroscopic strain, complete separation occurs along the interface between particle and matrix, and thus the macro-
scopic constitutive relationships become the same for the different cohesive strengths.
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Fig. 18. Effect of the cohesive strength on the constitutive relationship with particle size of: (a) 100 lm and (b) 2 mm.
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5.6. Remarks

Both theoretical and computational results agree well each other (see Figs. 15–18), especially when the strain is small.
The results from the finite element analysis (FEA) are described by a solid line with markers, and the results from the
micromechanics model are illustrated by a dashed, dotted or dashed-dotted line. When the macroscopic strain increases,
the finite element results with the cohesive zone model deviate slightly from the micromechanics results. The difference
may result from the fact that the finite element formulation considers geometrical nonlinearity with finite strains while
the micromechanics model is based on small strain theory.
6. Case study: determination of the PPR cohesive relation

Macroscopic cohesive behavior of composite material might provide some important information to determine the PPR
cohesive relation (Eq. (22)) for the particle/matrix interfaces. To illustrate the method that is used to estimate the key param-
eters in the PPR cohesive relation, we use the macroscopic cohesive behavior of PBX 9501 from Tan et al. [15] as an example.
The material PBX 9501 is a high explosive material, which consists of polymeric binder matrix with elastic modulus
Em ¼ 1 MPa, Poisson’s ratio mm = 0.499 and energetic HMX particles with bulk modulus Kp ¼ 12:5 GPa. The size distribution
of HMX particles can be considered as a bimodal distribution with the large particles having radii a1 = 125 lm, and the small
particles having radii a2 = 4 lm, with corresponding volume fractions of f1 = 69.5% and f2 = 23.2%, respectively. The macro-
scopic cohesive relation of PBX 9501 between the macroscopic stress �r (normalized by the elastic modulus �E of PBX
9501, which is 1 GPa [40]) and the opening displacement can be obtained from a mode I fracture test of the modified com-
pact tension specimen, as shown in Fig. 19. In stage 1, the macroscopic cohesive stress �r increases linearly from zero to the
macroscopic cohesive strength �rmax ¼ 1:66 MPa with a very high slope. Stage 2 is the softening stage, where the cohesive
stress decreases approximately linearly from �rmax to zero when the separation reaches the final crack width. If separation
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is greater than the critical crack width (or final crack width) of 0.11 mm, the macroscopic cohesive relation is in stage 3,
where the interface is completely debonded, and hence the macroscopic cohesive stress is always zero. The macroscopic
cohesive fracture energy, or the total area below the cohesive stress–displacement curve in Fig. 19, is measured as 89 N/
m. The initial bulk modulus �K of PBX 9501 is reported as 1.11 GPa [40].

The important data from the modified compact tension test of PBX 9501, such as the shape of macroscopic cohesive rela-
tion, the macroscopic fracture energy, the macroscopic cohesive strength and the initial bulk modulus, can be used to deter-
mine the four cohesive parameters: cohesive strength rmax, cohesive fracture energy /n, shape parameter a, and initial slope
indicator kn in the PPR cohesive relation. It is important to note that the stress state ahead the crack tip in the mode I fracture
test of the modified specimen can be approximated as a hydrostatic stress state because of large stress triaxiality [37]. This
approximation helps us to apply our micromechanics model in hydrostatic tension loading, as presented in the previous sec-
tions, to determine the relation of these microscopic cohesive parameters to the properties of macroscopic behavior of the
material, which are presented next.

6.1. Shape of macroscopic cohesive relation

In Fig. 19, the macroscopic cohesive relation of PBX 9501 shows a linear softening stage after the peak stress. We assume
that the microscopic cohesive relation also has a similar linear softening shape. Therefore, the shape parameter a could be
estimated as 2.

6.2. Macroscopic fracture energy

To obtain the fracture energy of the microscopic cohesive relation, Tan et al. [15] proposed using energy balance along the
‘‘path of interface debonding” between the total macroscopic fracture energy release and the total microscopic energy re-
lease, which accounts for both microscopic fracture energy release from particle/matrix debonding and energy release
due to tearing of the matrix. They estimated the fracture energy /n of particle/matrix interface in PBX 9501 as /n ¼ 81 N=m.

6.3. Initial bulk modulus

At the initial stage of loading the specimen, the normal displacement separation, Dn, of the particle/matrix interface is
very small, hence the cohesive relation in Eq. (22) can be linearized in terms of Dn as
rint ¼ kintDn; kint ¼ /n

d2
n

a
m


 �m m
a


 �m�1
ðmþ aÞ; ð25Þ
where kint is a function of rmax and kn.
For the case of a linear relation between microscopic cohesive stress and the normal displacement separation under the

hydrostatic tension loading, using the Mori–Tanaka method, Tan et al. [36] derived a formula to determine initial bulk mod-
ulus �K for a composite with two different particle sizes that is given as
K ¼ 1
3
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Table 2
Properties of high explosive material PBX9501.

Definition Symbol Value

PPR shape parameter a 2
PPR cohesive fracture energy /n 81 N/m
PPR initial slope indicator kn 0.006
PPR cohesive strength rmax 1.6672 MPa
Initial effective bulk modulus �K 1.11 GPa

Polymeric binder matrix elastic modulus Em 1 MPa
Polymeric binder matrix Poisson’s ratio vm 0.499
HMX particle bulk modulus Kp 12.5 GPa
Large particle radius a1 125 lm
Small particle radius a2 4 lm
Large particle volume fraction f1 69.5%
Small particle volume fraction f2 23.2%
Macroscopic cohesive strength �rmax 1.66 MPa
Microscopic cohesive stress of the large particle rint

1
1.6672 MPa (�rmax)

Microscopic cohesive stress of the small particle rint
2

1.6355 MPa
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where Km and Kp are the elastic bulk moduli of the matrix and particle, respectively. With the value of initial bulk modulus
�K ¼ 1:11 GPa, Eq. (26) provides a nonlinear equation in terms of rmax and kn.

6.4. Macroscopic cohesive strength

Rae et al. [41] observed that debonding between particle and matrix appears first for the large particles in PBX 9501.
Therefore, when the macroscopic cohesive stress �r reaches its peak (macroscopic cohesive strength), the microscopic cohe-
sive stress of the large particle rint

1 reaches the cohesive strength rmax, while the microscopic cohesive stress of the small
particle reaches rint

2 ð< rmaxÞ.
The relation between the macroscopic cohesive stress and the microscopic cohesive stresses for composite material with

two particle sizes is given as
�r ¼ ð1� f Þ�rm þ f1rint
1 þ f2rint

2 : ð27Þ
The normal displacement separations for each particle size can be obtained by the Mori–Tanaka method as
ðDnÞk ¼ ak
3ð1� mmÞ

2Em rm � 1þ mm

2Em þ 1� 2mp

Ep

� 	
rint

k

� �
; k ¼ 1;2: ð28Þ
Cohesive relations for each particle size are given as
rint
k ¼

/n

dn

a
m


 �m

1� ðDnÞk
dn

� 	a�1 m
a
þ ðDnÞk

dn

� 	m�1

ðmþ aÞ ðDnÞk
dn

; k ¼ 1;2: ð29Þ
By substituting Eqs. (27) and (28) into Eq. (29), when �r reaches �rmax ¼ 1:66 MPa, we obtain two nonlinear equations in
terms of rmax;rint

2 , and kn as
rmax ¼ h rmax;rint
2 ; kn

� 

; ð30Þ

rint
2 ¼ g rmax;rint

2 ; kn
� 


: ð31Þ
The cohesive strength rmax and the initial slope indicator kn of the PPR cohesive relation can be determined simulta-
neously from the initial bulk modulus of PBX 9501 and the macroscopic cohesive strength. Thus Eqs. (30) and (31), together
with Eq. (26) when �K ¼ 1:11 GPa, provide a system of three nonlinear equations with three unknowns rmax;rint

2 , and kn. This
system can be solved by using a nonlinear equations solver and the solutions for rmax;rint

2 , and kn are obtained as
1.6672 MPa, 1.6355 MPa and 0.006, respectively. The results are summarized in Table 2.

7. Concluding remarks

Effective macroscopic behavior is investigated by means of an integrated approach involving micromechanics and a com-
putational model. For the micromechanics investigation, the extended Mori–Tanaka model is incorporated with the PPR po-
tential-based cohesive zone model. The computational analysis is performed by utilizing the finite element-based cohesive
zone model in two-dimensions (plane strain). The effects of the PPR cohesive parameters, particle size and volume fraction
on the constitutive relationship of material with microstructures are investigated for hydrostatic tensile stress state and
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equi-biaxial tension state. In general, the overall behavior observed considering hydrostatic tensile stress state (Figs. 3–8) is
qualitatively similar to the behavior observed considering equi-biaxial tension state (Figs. 15–18). In addition, the micro-
structural debonding process is uniform when the macroscopic stress–strain relationship demonstrates hardening or soften-
ing behavior (cf. Figs. 12a and 13). On the other hand, non-uniform microstructural debonding process is observed when the
macroscopic stress–strain relationship demonstrates snap-back instability (cf. Figs. 12b and 14). The results of the microm-
echanics model demonstrate agreement with the results from the computational model. Finally, through multiscale argu-
ments, the cohesive parameters of the PPR model are estimated using macroscopic cohesive behavior of composite
material in conjunction with micromechanics theory.
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